The Darboux-Halphen system of equations have common or individual additive terms depending on the matrices defining Yang-Mills gauge potential fields. Tod [1], described a conserved quantity for the classical systems with no additive terms. We show that the conserved quantity apply even for the generalized cases with common additive terms. A theory has been presented, with an example, of how to formulate conserved quantities for equation with individual additive terms. We also briefly shed some light on the issues of surface motions of fluids in connection to Nahm's equation and the self-duality and integrability of membrane dynamics.
INTRODUCTION
The Darboux-Halphen differential equations often referred to as the classical Darbou-Halphen systeṁ
was originally formulated by Darboux [2] and subsequently solved by Halphen [3] . The general solution to equation (1) may be expressed in terms of the elliptic modular function. In fact Halphen related the DH equation with the Legendre type hypergeometric equation.
The system (1) has found applications in mathematical physics in relation to magnetic monopole dynamics [4] , self dual Einstein equations [5, 6] and topological field theory [7] . Ablowitz et al [8] studied the reduction of the self-dual Yang-Mills equation (SDYM) with an infinite-dimensional Lie algebra to a generalized Darboux-Halphen system whose general solution is densely branched about movable singularities and can contain movable natural barriers. However, the fully generalized Darboux-Halphen system with individual additive terms has not been formulated, aside from an example in [8] .
Recently in [9] , the Darboux-Halphen system was reviewed from the perspective of the self-dual Bianchi-IX metric and the self-dual Yang-Mills field equation, describing a gravitational instanton in the former case, and a Yang-Mills instanton in the latter. All systems related to the Darboux-Halphen system such as Ramanujan and Ramamani system were covered, as well as aspects of integrability of the Darboux-Halphen system. The analysis was restricted to the classical Darboux-Halphen system leaving the generalized version undiscussed.
Tod [1] , found explicit expressions for a family of selfdual Bianchi-IX metrics that were obtained from the Painleve-VI equation. In those cases where the antiself-dual Weyl tensor and scalar curvature vanish, the system was described by the classical Darboux-Halphen system. Many properties related to the system including the conserved quantity, the Darboux-Halphen equations and the Bianchi-IX metric under reparametrization were discussed therein.
In this article, we will show that the conserved quantity also applies to the generalized Darboux-Halphen system with common additive terms. Then we shall proceed to formulate generalized equations with individual additive terms, not formulated anywhere aside from the example found by Ablowitz and Chakravarty in [8] . After that, we shall deduce the conserved quantity for this example.
First, we shall derive the conserved quantity or first integral Q related to the generalized Darboux-Halphen equations, which applies to the classical case simultaneously. It is followed by a rewriting of Tod's description of a change of variables redefining the conserved quantity. The following section covers how we can obtain further generalized Darboux-Halphen equations, where we will have individual additive terms to each equation that describes a general formulation of conserved quantity in this case as well. the penultimate section explores integrable membrane dynamics with an explicit construction of Lax pair for the Nahm equation obtained ala reduction from the self-dual Yang-Mills equation. Finally we conclude and pave the path for future directions.
GENERALIZED DH SYSTEM WITH COMMON ADDITIVE TERMS
In this section, we show that Tod's results for the conserved quantity related to the classical system can be extended to the generalized Darboux-Halphen system with common additive terms [10] , described by the equations:
with the common additive term λ 2 elaborated as
The generalized Darboux-Halphen system arises from the self-dual Yang-Mills equation [11] , as a result of solving Nahm's equations. Using the three equations described by (2), we will now deduce the conserved quantity or first integral for systems with shared additive terms.
The conserved quantity of the Generalized Darboux-Halphen systems
To obtain a conserved quantity, we proceed with (2) as we would with the classical system (1). For this, an important equation for the variable x i defined in (3) is:
Thus, starting with (2) and using (4), we will have
On adding up these terms (5) over i keeping i < j < k, and applying the sum rule of (4), we find that the result is a vanishing derivative:
Thus, it is clear that even for the generalized DarbouxHalphen system, the same conserved quantity holds:
x 1 x 2 = constant (6) Thus, the conserved quantity holds even for the general case. Now we shall consider a variable change.
Change of variables and conserved quantities
In [1] , Tod showed that the classical Darboux-Halphen equations and the conserved quantity (6) can be redefined via a variable transformation, where the redefined equations can be reduced to the Painleve-VI equation. Here we shall show what the generalized equations transform into under a similar variable transformation.
We can perform a variable change shown as follows:
This effectively means that we can have the conserved quantity (6) re-written as
If we set Q = −8γ, we should have
For this co-ordinate transformation, we have the following dynamical equations
It is evident from (8) and (9), the redefined conserved quantity is the same as that defined by Tod. Thus, aside from the different dynamical equations (10) - (12) under a co-ordinate transformation, almost all of Tod's work in [1] will apply to the generalized Darboux-Halphen system with common additive terms as well.
GENERALIZED DH SYSTEM WITH INDIVIDUAL ADDITIVE TERMS
So far we have dealt with the generalized DarbouxHalphen system involving a common additive term. Now we shall see how individual additive terms arise. We shall start by reviewing the reduction process on the selfdual Yang-Mills equation, and see which is the starting configuration that produces the desired result.
If A 0 = 0 and all A i = A i (t) only, then (13) becomes the Nahm equation [12, 13] 
Now, the A i s are functions from R 4 to a Lie algebra g
where O ij is an SO(3) matrix, and X i are the generators of sdiff(S 3 ) satisfying the relation X i , X j = ε ijk X k . The matrix M ij is given as a sum of symmetric components M s and anti-symmetric components M a
Note that the symmetric matrix d in (17) has no offdiagonal terms. For P = I, ω i = ω i0 and τ i = τ i0 , leading to a system of equations with common additive terms. The equation we get on applying (15) and (16) to (14) is (see Ablowitz et. al. in [8, 14] ):
On setting P = I and taking the diagonal terms, we get the generalized Darboux-Halphen system equations (2). The off-diagonal terms taken together give uṡ
This concludes the result of the symmetric part M s = d without off-diagonal terms, giving the generalized Darboux-Halphen system equations with common additive terms represented by λ 2 . We shall now consider the setting that produces generalized D-H equations with individual additive terms.
Symmetric off-diagonal terms
To obtain individual additive terms to each equation, we will consider P = I so that the symmetric matrix M s has symmetric off-diagonal terms as shown below:
This alters the equations to those with individual termṡ
If we define new variables as θ i = σ i + τ i , φ i = σ i − τ i , then the matrix M in (16) becomes:
and the differential equations we have from this matrix are elaborated as:
Thus, we have effectively formulated the generalized Darboux-Halphen system with individual additive terms.
If we define θ = θ 3 , φ = φ 3 , and set
then the matrix M from (16) and the equations generated upon applying (27) are given as:
These are the equations identical to the example found by Ablowitz et. al. in [11] . Now we shall compute the form of the conserved quantity Q for this case.
Related conserved quantity
The symmetric matrix (21) is related to the symmetric matrix of (17) by a similarity transformation. This means that we could describe the symmetric off-diagonal terms of M s in terms of the diagonal terms of d, and by reversing the transformation, express the conserved quantity for the Darboux-Halphen system with individual additive terms as in equations (24) -(26). Now, we will consider the example (29) from [11] .
We start with the matrix M 0 from (16) for the system with common additive terms and set τ 10 = τ 20 = 0:
We will formulate the matrices M s in (21) and M in (28) using the similarity transformation matrix:
This will transform matrix (30) into (28) given by substituting α = sin γ, β = cos γ, δ = ω 10 − ω 20 as:
Thus, comparing (32) with (28), the transformation rule between the variables for the original system and the similarity transformed one can be worked out to be:
Using the transformation rule of (34), we can also compute x 10 , x 20 , x 30 , x i0 = ω j0 − ω k0 as shown below:
Thus, we can see that ± setting swaps between ω 10 and ω 20 , and one can apply (33), (34) and (35) to the conserved quantity (6) to express it in terms of the new variables. Further simplification shows that the conserved quantity is indeed invariant under choice of ±. The conserved quantity Q for (29) in terms of ω 1 , ω 2 , ω 3 , θ, φ is given as:
x 20 x 30 + ω 2 20 x 30 x 10 + ω 2 30
This concludes effectively the case study related to the example (29) of a generalized conserved quantity that accounts for the system with individual additive terms.
SELF-DUALITY FOR MEMBRANES AND INTEGRABILITY
Nahm equation which form the core of our analysis has far reaching consequences in the membrane paradigm and the underlying integrable structure in surface motion of fluids. Self-dual membranes were first introduced in [15] in (2+1) dim where the on-shell equations of motion are trivial and the membrane theory is a 3-dim topological QFT [16, 17] . Here we want to stress the correspondence of self-dual membranes in (4+1)-dim to (3+1)-dim SDYM in large N limit.
The co-ordinates are more precisely the Yang-Mills potentials of the self-dual membrane, A i , ∀i = 1, 2, 3 are functions of time and internal co-ordinates (θ, φ) of the sphere. This system involving commutators between matrices A 1 (t), A 2 (t), A 3 (t) of some Lie Algebras appears in study of monopoles [4, 13] . This system of equations is an integrable system as one can easily determine the corresponding linear system for which (14) serves as a compatibility condition.
We write (14) in this manner:
A − = i A 3 , A + where A ± = A 1 ± iA 2 (38)
Equations (37) - (39) have numerous constants of motion, namely A ± (t, θ, φ) which is constant in time, or A 3 A ± which is also conserved. Another interesting conserved quantity associated with the "center of mass "of a self-dual membrane is A i (t, θ, φ) = const.
The linear system (37) -(39) can be re-written aṡ
for any arbitrary complex λ = 0 such thaṫ
The compatibility condition (41) is equivalent to
It is straightforward to see if one compares the coefficients of the power of λ in (42) namely λ −1 , λ 0 and λ respectively, one ends up with (37), (38) and (39) in that order. In principle, using inverse scattering method, one could in principle construct all solutions of the selfduality equations (37), (38) and (39) from the linear system (41) [18, 19] .
Lastly, in order to obtain conserved quantities for the SU (∞) Nahm equations (14) it is not difficult to check that one can represent the original set of equations (37) -(39) in Lax form on the Poisson-Lie algebra of functions as
From this one can write down the time dependent conserved densities as homogeneous polynomials expressed in integral form which further leads to the possibility of representing axially symmetric surface motions of relativistic charged spherically symmetric fluids discussed in [20] , which we postpone for a future work.
CONCLUSION
So far, we have managed to show that the conserved quantity Q from (6) obtained for the classical case applies even for the generalized Darboux-Halphen system with common additive terms. Furthermore, we have formulated the fully generalized Darboux-Halphen system in equations (24) -(26), of which, a specific case was an example worked out in [8] . Consistency of the form of the conserved quantity from the classical to general case is easily permitted by the common additive term λ 2 in all three Darboux-Halphen equations. If instead we were to take a different additive term for each of the equations in (2) as in (22) , the whole task of producing corresponding conserved quantity becomes a complicated process as (4) cannot be directly applied then.
However, the equations with individual additive terms can be connected to the equations with common additive terms via a similarity transformation that leaves the matrix differential equation invariant as can be seen from (16) . This connection would allow us to deduce the form of the conserved quantity for the case with individual additive terms. This further implies that Tod's result could possibly be extrapolated to more general quadratic differential equations of the forṁ
introduced in [21] and [22] . Only one example has been worked out so far for conserved quantities related to equations with different additive terms, but other similarity transformations might be possible that help us describe it in more general way. The method employed to study integrability of membranes can be further extended possibly in a future work to study exactly solvable models of relativistic charged fluids. One can further consider the deformation of the symplectic structure to study dissipative fluid dynamics in this membrane paradigm, as well.
